Atrial myocytes in a number of species lack transverse tubules. As a consequence the intracellular calcium signals occurring during each heart beat exhibit complex spatio-temporal dynamics. These calcium patterns arise from saltatory calcium waves that propagate via successive rounds of diffusion and calcium-induced calcium release. The many parameters that impinge on calcium-induced calcium release and calcium signal propagation make it difficult to know a priori whether calcium waves will successfully travel, or be extinguished. In this study, we describe in detail a mathematical model of calcium signalling that allows the effect of such parameters to be independently assessed. A key aspect of the model is to follow the triggering and evolution of calcium signals within a realistic three-dimensional cellular volume of an atrial myocyte, but with a low computational overhead. This is achieved by solving the linear transport equation for calcium analytically between calcium release events and by expressing the onset of calcium liberation as a threshold process. By being able to follow the evolution of a calcium wave in three dimensions, the model makes non-intuitive predictions about calcium signal propagation. For example, our modelling illustrates that the boundary of a cell produces a wave-guiding effect that enables calcium ions to propagate further and for longer, and can subtly alter the pattern of calcium wave movement. The high spatial resolution of the modelling framework allows the study of any arrangement of calcium release sites. We demonstrate that even small variations in randomly positioned release sites cause highly heterogeneous cellular responses.
Introduction
All cell types use calcium (Ca 2+ ) as a messenger (1) . However, the spatial and temporal characteristics of Ca 2+ signals vary enormously between different tissues (2) . The expression of diverse Ca 2+ channels, pumps and buffers, coupled with particular cellular morphologies, underlies the cell-specific variations in Ca 2+ signalling (3) . For example, excitable cells express voltagegated Ca 2+ channels (VGCCs) that sense changes in membrane potential and rapidly gate the influx, or release, of Ca 2+ . Consequently, Ca 2+ signals in excitable cells can arise within tens of milliseconds, for example to trigger muscle contraction (4) . Ca 2+ signalling in non-excitable cells is often much slower. Typically, non-excitable cell types show repetitive Ca 2+ oscillations that take several seconds to reach peak amplitude and tens of seconds to return to basal levels (5, 6) . A well-known example is Ca 2+ oscillations in glucagon-stimulated hepatocytes that regulate the release of glucose from glycogen (7) . Despite substantial differences in the spatial and temporal properties of Ca 2+ signals between various cell types, there are many similarities that allow direct mechanistic comparisons to be drawn. For example, the movement of Ca 2+ within many cell types occurs in the form of saltatoric Ca 2+ waves that reflect the sequential activation of clusters of Ca 2+ release channels in a process known as Ca 2+ -induced Ca 2+ release (CICR) (8) . Such saltatoric Ca 2+ waves occur in cells as diverse as fully-differentiated atrial myocytes in the heart, and totipotent, fertilised oocytes (9, 10) .
In the case of an atrial myocyte, incoming action potentials activate VGCCs to initially cause an increase of Ca 2+ concentration just beneath the sarcolemma, around the periphery of the cell (11) . This peripheral Ca 2+ signal diffuses into the cell and triggers Ca 2+ release from clusters of ryanodine receptors (RyRs) on the sarcoplasmic reticulum (SR), thereby amplifying the Ca 2+ signal and allowing it to diffuse still further. Depending on prevailing conditions, repetitive rounds of diffusion and CICR lead to a centripetal Ca 2+ wave that can fully engulf the interior of a myocyte (12) . For oocytes, fertilisation leads to the production of the intracellular messenger inositol 1,4,5-trisphosphate (InsP 3 ), which evokes Ca 2+ release by binding to InsP 3 receptors (InsP 3 Rs) on the surface of the endoplasmic reticulum (ER) (13) . Although InsP 3 Rs require the binding of InsP 3 to facilitate their opening, they are activated by Ca 2+ and can therefore participate in CICR responses in the same manner as RyRs (14) . Production of InsP 3 therefore leads to saltatoric propagation of Ca 2+ waves through sequential activation of clusters of InsP 3 Rs (15, 16) . The two cell systems described above, atrial myocytes and oocytes, differ in the nature of their Ca 2+ release channels (RyRs versus InsP 3 Rs), their internal calcium stores (SR versus ER), the arrangement of Ca 2+ release sites (myocytes have a regular RyR array; oocytes have a random InsP 3 R distribution), frequency of Ca 2+ signals and physiological significance of their Ca 2+ increases. However, they both rely on saltatoric propagation of Ca 2+ waves underpinned by rounds of CICR from clusters of Ca 2+ channels, with the Ca 2+ release sites being linked by cytoplasmic diffusion of Ca 2+ . Given this similarity, it is possible to construct mathematical models of Ca 2+ wave propagation that apply to either situation using the same basic features.
We recently developed a computational model that describes the propagation of Ca 2+ signals during EC-coupling in atrial myocytes (17) . The purpose of the model was to understand the centripetal propagation of Ca 2+ signals from the cell periphery to cell centre. This centripetal propagation is necessary for triggering atrial myocyte contraction (18) . The geometry of the modelling framework was based on the experimentally-determined regular lattice-like arrangement of RyR clusters within cardiac myocytes (19) . The model successfully recapitulates known aspects of atrial myocyte excitation-contraction (EC) coupling and demonstrates how inotropic stimulation promotes centripetal Ca 2+ wave propagation as a means of regulating contraction. Moreover, the model has a predictive capacity, and illustrates how sustained arrhythmic Ca 2+ waves can be initiated by stochastic RyR activation (20) . In the present study, we show that the model makes nonintuitive predictions about Ca 2+ movement in atrial myocytes. In essence, the model highlights subtle, subcellular alterations in the propagation of Ca 2+ signals depending on stimulation conditions and cellular status that are beyond the temporal and spatial sensitivity of current imaging technologies. Moreover, we describe in detail the model building process and outline the concomitant technical challenges and possible solutions. This can be used as a guideline to adapt the computational framework to other cell types with their specific cellular geometry and distribution of Ca 2+ release sites. Overall, the modelling concept used here provides an ideal platform to study intracellular signalling pathways over time in three-dimensional cellular environments in a computationally non-expensive manner.
Materials and Methods
The dynamics of the cytosolic Ca 2+ concentration c(r, t), r ∈ V ⊂ R 3 , t ∈ R + , is governed by the equation Lc(r, t) = I(r, t) with
subject to boundary conditions of the form
We refer the reader to (6, (21) (22) (23) (24) (25) (26) for a general discussion on modelling intracellular Ca 2+ . In Eq. 1, D and ∆ denote the effective diffusion coefficient for Ca 2+ and the Laplace operator, respectively. We model the sarco-endoplasmic reticulum Ca 2+ ATPase (SERCA) pumps as spatially homogeneous sinks of strength τ . A linear SERCA pump description corresponds to a low-affinity approximation of a biophysical model (27, 28) . Linear SERCA pumps have been used successfully in the past for the mathematical analysis of travelling Ca 2+ waves and three-dimensional numerical simulations of interacting Ca 2+ release events (29) (30) (31) (32) . The current I corresponds to Ca 2+ liberation from the SR through RyR channels. The N rel release sites are located at discrete positions r n , n ∈ Γ = {1, . . . , N rel }. The temporal shape of each release event is described by η(t), which we here take as η(t) = σΘ(t)Θ (t − t rel ). The Heaviside step function Θ, which equals 1 for x ≥ 0 and 0 otherwise, restricts the duration of release events to t rel , which corresponds to the typical life time of a Ca 2+ release event. The release strength is assumed to be constant and is denoted by σ. The time T m n in Eq. 1 corresponds to the instant when the nth release site conducts Ca 2+ for the mth time, which is defined by
where we introduce the absolute refractory period t ref .
The computation of the release times T m n renders Eq. 1 highly nonlinear, because the mth liberation is obtained implicitly by demanding that the Ca 2+ concentration reaches the threshold value c th at time T m n and that there is at least a period of t ref between successive release events.
We now assume that all release events occur at multiples of some dt. In this case we can rewrite Eq. 1 for pdt ≤ t ≤ (p + 1)dt, p ∈ N, as Lc (r, t) = σ n∈Γ a n (p)δ (r − r n ) .
The indicator function a n (p) is a binary variable that takes on the value 1 when T m n < t < T m n + t rel and is 0 otherwise. Introducing the notation c p (r) = c(r, pdt) and using Green's function theory (33), we find from Eq. 4
with
where G (r, r , t) is a modified Green's function of the operator L on the domain V . Instead of solving the Green's function for vanishing boundary conditions, we impose the same boundary conditions on G as we do for c. This results in the cancellation of the surface term usually present in Eq. 5. Note that for constant dt the basis functions H (r, r , dt) need to be computed only once. The specific form of G depends on the geometry of the problem at hand and the boundary conditions. As the model was originally designed for atrial myocytes, a cylindrical coordinate system (r, θ, z) is the most appropriate choice. Hence, L is given by
We impose finite fluxes across the surface of the cylinder, which mimic e.g. plasma membrane pumps or Na + /Ca 2+ exchangers. This gives rise to the boundary conditions ∂c ∂r
where ∂/∂r is the outward radial derivative, and
Subject to the same boundary conditions as c, the Green's function G can be written as
and
The eigenvalues α and β are determined implicitly by
Here, J n (x) denotes the Bessel function of the first kind of order n (34), and J n (x) represents the first derivative with respect to x. Note that Eqs. 12 give rise to infinitely many eigenvalues, and that the value of β depends on the order of the Bessel function. For other idealised geometries it is also possible to calculate the Green's function using series expansions of special functions. Spherical cells using Green's functions have been studied in (30, 35) . A key step in the computation of the Ca 2+ concentration is the evaluation of the basis function H (r, r n , dt) given by Eq. 6. A computationally fast scheme for this evaluation, using re-summation techniques for convergence acceleration, is described in Appendix A.
To mimic the effect of channel noise (36-41) we further consider a fluctuating threshold given by the replacement c th → c th + ξ (42). Here, ξ is a random variable with a mean of zero and cumulative probability function
i.e. Prob(ξ < x) = F ξ (x). In contrast to the deterministic case when a release site that is not refractory at position r n starts liberating Ca 2+ as soon as c(r n , t) > c th each site now has a probability for c(r n , t) > c th + ξ. This probability is given by Prob(c(r n , t) > c th + ξ) = Prob(ξ < c(r n , t) − c th ) = F ξ (c(r n , t) − c th ). We incorporate the stochastic Ca 2+ release in the above framework by making a n (p) a binary random variable that takes on the value 1 with probability F ξ (c p (r n ) − c th ). The probability of release approaches zero for small Ca 2+ concentrations and tends to one as c becomes large. The strength of the fluctuations is controlled by β, such that larger values of β correspond to a smaller threshold noise strength. In the limit β → ∞, the probability F ξ (c − c th ) reduces to the step function Θ(c − c th ) and we recover the deterministic release model. (43, 44) . If no value for β is noted in the figure caption the simulations are deterministic.
In recent years, the impact of models on designing and explaining cellular experiments has increased significantly (see e.g. (45)). For many models, exploring the effects of different stimulus conditions often requires scanning large areas of parameter space. For detailed cell signalling models such scans become very quickly computationally demanding, if not prohibitive. Our computational framework is ideally suited to reduce such computational costs. One main advantage of our approach is that the Green's function, G, and the time integral, H, need to be computed only once for scanning e.g. the influence of release strength, release duration, refractory periods or stimulation protocols on Ca 2+ wave propagation. The main computational overhead then arises from the summation of the contribution of all active Ca 2+ release sites to the cellular Ca 2+ signal (Eq. 5). However, this step is amenable to parallelisation, which reduces computational costs significantly. A particular advantage of a cylindrical geometry is the product structure of the Green's function (Eq. 10). The longitudinal contribution (z coordinate) formally separates from the polar coordinates (r and θ). Let N z , N r and N θ denote the number of points for the spatial discretisation in the z, r and θ direction, respectively. The product structure of Eq. 10 entails that we only need to compute (N z + (N r × N θ )) 2 terms for a given pair of eigenvalues α and β instead of (N z × N r × N θ ) 2 -the square results from taking into account both unprimed and primed coordinates. This constitutes a massive saving in the memory costs associated with the Green's function and allows us to work at high spatial resolution. The product structure of the Green's function also entails that sometimes only parts of the Green's function have to be recomputed, while other terms remain unaffected. For example, this is the case for studying the impact of SERCA pumps. The strength of the SERCA pumps enters through p α , which only affects the longitudinal contribution of the Green's function, but not the polar terms.
Results and Discussion
Rationale for a three-dimensional atrial myocyte model A key aim of the present study was to explore the utility of our modelling concept for monitoring calcium signal propagation in three-dimensional space, and with high spatial and temporal resolutions. In particular, we sought to examine how modest changes in Ca 2+ transport, or in the triggering of Ca 2+ signals, alters the propagation of Ca 2+ signals. A detailed description of the equations used is given in the Materials and Methods section. In essence, we modelled an atrial myocyte as a cylinder with a regular lattice-like array of Ca 2+ release sites that are positioned on 51 z-disks (akin to the z-lines seen in transverse sections of an atrial myocyte; (11)). Figures 1Ai-iv illustrate the basic cylindrical shape of acutely-isolated atrial myocytes, despite some variability in the shape of individual cells. Each z-disk has 100 discrete Ca 2+ release sites arranged in concentric rings (Fig. 1B) Although atrial myocytes in some species express transverse tubules (46, 47) , the model is based on our prior experiments using rat myocytes that largely do not possess invaginations of the sarcolemma (48) . Depolarisation of the atrial myocyte sarcolemma therefore activates VGCCs around the cellular periphery, and initially causes a sub-sarcolemmal Ca 2+ rise (10, 18) . If this sub-sarcolemmal Ca 2+ signal does not propagate inwards atrial myocytes display only a modest contraction. However, under conditions favouring positive inotropy (e.g. greater SR Ca 2+ release flux or lower threshold for CICR) the sub-sarcolemmal Ca 2+ signal triggers a centripetal Ca 2+ wave that propagates to the myocyte interior. The extent of centripetal propagation determines the magnitude of myocyte contraction (18) . Essentially, as the Ca 2+ wave spreads it engages an increasing number of myofilaments (11) . A particular structural aspect of atrial myocytes that impacts on Ca
2+
signal development is a gap in the expression of RyRs between those at the periphery and those towards the centre of the cell (11, 49) . Such a gap in RyR expression has been universally observed in atrial myocytes from different species (11, 49) . Atrial myocytes can therefore be considered to express two populations of RyRs. The junctional RyRs sit beneath the sarcolemma, and are responsible for the initiation of Ca 2+ signals during EC-coupling. In contrast, non-junctional RyRs are expressed on the other side of a ∼ 2 µm gap. The non-junctional RyRs participate in the passage of a centripetal wave via CICR if an activating Ca 2+ signal arises at the junctional RyRs and successfully crosses the gap.
It is possible to discretely trigger any of the 5100 Ca 2+ release sites within the volume of the model. By acutely activating the junctional, peripheral, Ca 2+ release sites (or a subset thereof), the model recapitulates EC-coupling in atrial myocytes. Alternatively, activating sites deep within an atrial myocyte would generate a Ca 2+ trigger akin to spontaneous, pathological, activation of RyRs. Within an atrial myocyte, spontaneous Ca 2+ release events can cause electrical events, such as delayed afterdepolarisations, if they reach the sarcolemma and activate electrogenic transporters. Following an initial activation, the model then determines the evolution of the resultant Ca 
signal. Examples of Ca
2+ wave propagation within a z-disk are depicted in Fig. 2 . Ca 2+ signals were initiated by activation of peripheral Ca 2+ release sites, as they would be during atrial myocyte EC-coupling. In Fig. 3Ai , 90% of the peripheral Ca 2+ release sites were triggered, thereby giving rise to an almost completely circular Ca 2+ wave that moved centripetally into the z-disk ( Fig. 2Aii and iii) . For Figs. 3 Bi and Ci, 60% and 40%, respectively, of the peripheral release sites were initially triggered. These weaker initial stimuli did not give rise to circular Ca 2+ waves. Rather, they evoked asymmetric Ca 2+ waves that had heterogeneous patterns and limited centripetal propagation (Figs. 2Bii -iii and 2Cii -iii). These data illustrate the ability of the modelling framework to predict the detailed movement of Ca 2+ signal under varying conditions. By stacking z-disks vertically, the model can easily transition from a single two-dimensional plane to a three-dimensional volume, but still allowing the same spatial and temporal resolution in each z-disk. Although Fig. 2 
depicts Ca
2+ wave movement for a single z-disk, Ca 2+ signals can be simultaneously monitored for any, or all, of the other zdisks. We have previously shown that our simulation recapitulates the faster and more extensive centripetal Ca 2+ waves seen under inotropic stimulation of atrial cells (17) . In addition, the model demonstrates the evolution of self-sustaining Ca 2+ waves that progressively dominate electrical pacing of atrial cells (20) . Moreover, our simulations have shown that the gap in RyR expression acts as a diffusion barrier to the movement of Ca 2+ , and constrains atrial contraction under resting conditions (17) .
The sarcolemma acts as a 'wave guide' to enhance Ca 2+ transport
While performing these prior studies, we observed that modifying stimulation or Ca 2+ release parameters could have profound, non-intuitive effects on the propagation of Ca 2+ signals within an atrial myocyte. This applies to the propagation of both subcellular and global Ca 2+ signals. An example is depicted in Fig. 3 , which shows spatially-resolved snapshots of two travelling Ca 2+ waves. For both Ca 2+ waves, the initial trigger was the same (simultaneous activation of 6 Ca 2+ release sites coloured red at one edge of the central z-disk). However, the Ca 2+ waves propagate quite differently both within the initiating z-disk, and between neighbouring z-disks. The only parameter altered in these two situations was the Ca 2+ flux magnitude (denoted in the model as 'release strength'; σ) at every Ca 2+ release site. In the left-hand panels (Figs. 3Ai -iii), the release strength was 140 µM µm 3 /s. In this situation, the Ca 2+ wave propagated rapidly around the circumference of the initiating z-disk, with the sarcolemmal boundary acting as a wave guide. Eventually, the circumferential Ca 2+ wave evoked both a centripetal Ca 2+ wave within the central z-disk, and longitudinal Ca 2+ waves that moved to the top and bottom of the cell. With a lesser release strength (σ = 20 µM µm 3 /s; Figs. 3Bi -iii), the initial Ca 2+ signal did not trigger the circumferential and centripetal propagation of a Ca 2+ wave, but rather a Ca 2+ wave that simply propagated through the middle of the cell with an almost planar wave front. The lesser release strength also triggered longitudinal Ca 2+ waves that moved through the z-disks of the cell (Figs. 3Bi -iii) . However, the recruitment of Ca 2+ release sites within each of the z-disks was spatially and temporally different to that seen with the higher release
Ai
Aii Aiii strength.
These distinctive patterns of Ca 2+ wave propagation emanate from the same cellular geometry and initial trigger, and arise simply due to a change of Ca 2+ release strength. With a higher Ca 2+ release strength, the circumferential movement of Ca 2+ around the junctional RyRs proceeds much more quickly than diffusion of Ca 2+ across the gap in RyR expression. The complete circumferential engagement of the junctional RyRs means that the ensuing centripetal Ca 2+ wave is almost perfectly concentric. Whereas, with a lesser Ca 2+ release strength, the relative difference in speed between circumferential and centripetal Ca 2+ movement decreases, and the ensuing Ca 2+ wave propagates as a planar wave across a z-disk. By comparing the time stamps of the different panels in Fig. 3 , we noted that the longitudinal Ca 2+ wave travelled more quickly at higher Ca 2+ release strength than at the smaller release strength. The Ca 2+ wave reached the z-disks at z = 25 µm and z = 75 µm at 0.3 s in Fig. 3Aii , as compared to 0.48 s in Fig. 3Bii . The faster rate of Ca 2+ wave propagation is an expected consequence of Ca 2+ signal propagation via CICR. The higher the Ca 2+ release strength, the larger the Ca 2+ gradient around a Ca 2+ -liberating release site. In turn, this gives rise to faster diffusion of Ca 2+ from a liberating Ca
2+
release site to an adjacent quiescent Ca 2+ release site. Lowering the value of the release strength σ eventually leads to a situation where Ca 2+ wave propagation is not supported within or between z-disks. Interestingly, σ values that lead to failed Ca 2+ wave propagation within a z-disk also abolish longitudinal Ca 2+ waves. This suggests that the initiation of a longitudinal Ca 2+ wave first requires co-ordinated Ca 2+ liberation within a z-disk. We suggest that co-ordinated Ca 2+ liberation within a z-disk is needed to have a sufficient amount of Ca 2+ diffusing from one plane to another to trigger CICR in a longitudinal direction. Movies S1 and S2 in the Supporting Material provide a detailed view on the 3-dimensional travelling Ca 2+ waves following activation of Ca 2+ release in one z-disk only. A key feature in determining the different patterns of Ca 2+ wave movement shown in Fig. 3 was the sarcolemmal membrane acting as a wave guide. This happens when the rate of Ca 2+ release at a sub-sarcolemmal site exceeds the rate of Ca 2+ extrusion across the sarcolemma. Consequently, Ca
ions are constrained to remain in the cell volume by the sarcolemmal barrier, and more prominently diffuse to neighbouring release sites. A further example of the significance of sarcolemmal wave guiding is illustrated in Fig. 4 . The panels within Figs. 4A -C show the activity of all the 5100 Ca 2+ release sites within the volume of the model. For ease of viewing, the model has been transformed into a 2-dimensional plot. At rest, all the Ca Table 1 and τ = 0.3 s, t ref = 1.3 s, σ = 3.5µM µm 3 /s. release sites are inactive, which is indicated by dark blue pixels. When a Ca 2+ release site becomes active it is assigned a different colour. The particular colour depends on where the Ca 2+ release sites are located within the model. The outermost Ca 2+ release sites are coloured red when they are activated, the next inner Ca 2+ release sites are coloured yellow when they are activated, and the sequence then follows with green, light blue and medium blue pixels, as depicted by the coloured rings in the cartoon in Fig. 4D . The y-axis shows the vertical location of the 51 z-disks in the model, and the x-axis (source index) shows the position of Ca 2+ release sites within a z-disk. For example, source indices 1 to 38 represent the Ca 2+ release sites around the periphery of the cell. A centripetal Ca 2+ wave would be identified by the successive activation of Ca 2+ release sites starting at the periphery (red) and then moving rightwards with the colour sequence yellow, green, light blue and medium blue. Three different stimulation conditions are illustrated in Fig. 4 . Figures 4Ai -iii depict the response that ensues when 90% of the junctional Ca 2+ release sites are activated at the onset of stimulation. The activation of these peripheral Ca 2+ release sites yields the bright red band shown in Fig. 4Ai . Subsequently, the Ca 2+ signal moves centripetally and recruits Ca 2+ release sites deeper within the cell. This Ca 2+ wave could be considered to be largely successful in that a significant proportion of Ca 2+ release sites within the innermost ring respond (medium blue pixels), and consequently the cell would be expected to have a large contractile response (18) . For Figs. 4Bi -iii, the fraction of junctional Ca
release sites activated at the onset of the response was reduced to 50%. As a consequence, the Ca 2+ wave propagated weakly into the cell interior. In contrast, activating only 30% of the junctional Ca 2+ release sites (Figs. 4Ci -iii) did not evoke a centripetal Ca 2+ wave in the central volume of the cell because the initial Ca 2+ signal was not able to traverse the gap in RyR expression. In each of the situations shown in Fig. 4 , whether or not there was a centripetal Ca 2+ wave, it is evident that the Ca 2+ signal propagated most rapidly and prominently along the top and bottom of the cell. This was due to the sarcolemma at the poles of the cell acting as a wave guide. The sarcolemmal boundary helps Ca 2+ signals to propagate substantial distances and thereby limiting the loss of Ca 2+ from the cellular volume. The wave guiding effect was evident with each condition, but was particularly evident with relatively weak stimulation (Figs. 4Ci -iii) .
The ability of the sarcolemmal boundaries at the top and the bottom of the cell to act as wave guides has a significant effect on the kinetics and longevity of Ca 2+ signals. This is illustrated in Fig. 5 , where we plotted the number of active Ca 2+ release sites within the cellular regions depicted in Fig. 4 on a temporal scale. We used the same colour coding for the junctional (red lines in Fig. 5 ) and non-junctional (yellow, green, light blue, medium blue lines in Fig. 5 ) Ca 2+ release sites. Figure 5A corresponds to the situation where 90% of the peripheral Ca 2+ release sites were activated at the start of stimulation (c.f. Fig. 4A) In contrast, the situations depicted in Figs. 4B and 4C , where the sarcolemma behaved as a prominent wave guide gave different kinetic profiles. Specifically, the Ca 2+ signal was found to persist within the central regions of the cell. This prolongation of the Ca 2+ signal is evident when 50% (Fig. 5B) or 30% (Fig. 5C ) of the peripheral Ca 2+ release sites were initially stimulated. In these latter cases, the movement of Ca 2+ along the top and bottom of the cell guides the Ca 2+ signal towards quiescent Ca
release sites within the cell's central zones. Once there, the Ca 2+ signal triggers CICR producing local, non-synchronous Ca 2+ release events that persist for a while before gradually dwindling. The key finding here is that the wave guide effect of the sarcolemma overcomes the gap in RyR expression and allows the Ca 2+ signal to travel further than it otherwise would.
The relatively slow, low-amplitude movement of the Ca 2+ signal along the sarcolemmal boundary means that the subsequent CICR beyond the gap in RyR expression is poorly coordinated. The lack of coordination means that the RyRs do not go through synchronous activation and refractory periods, and therefore the Ca 2+ signal can keep meandering within the central regions.
The analysis described above indicates that the sarcolemma can act as a wave guide and promote the long-distance diffusion of Ca 2+ signals. If such wave guiding were to occur within atrial myocytes on a beat-to-beat basis, the cells would be prone to uncontrolled subcellular Ca 2+ signals that are believed to serve as a basis for pro-arrhythmic activity. While atrial myocytes posses a basic cylindrical shape, there is some variability amongst them (Fig. 1) . Those cells having a cuboidal shape (akin to the model) may be relatively more prone to the effects of sarcolemmal wave guiding, whereas cells with tapered poles could largely avoid these effects. The influence of atrial myocyte shape on Ca 2+ diffusion has not been examined, to our knowledge. Nevertheless, wave guiding is an inevitable outcome of having a sarcolemmal boundary that hinders Ca 2+ signal dissipation. Such wave guiding can affect subcellular properties of Ca 2+ waves (Fig. 3) and promote the movement of Ca 2+ ions over long distances (Figs. 4 and 5 ).
The impact of sarcolemmal and SR Ca 2+ transport on EC-coupling
The influence of the sarcolemma on the evolution of Ca 2+ signals depends on the rate of Ca 2+ extrusion from the cell. We therefore explored the effect of sarcolemmal Ca 2+ extrusion on the development of Ca 2+ signals during EC-coupling in more detail. To do this, we examined the relative success of activating central Ca 2+ release sites in situations where the sarcolemmal Ca 2+ flux rate was altered ( Fig. 6A ; sarcolemmal Ca 2+ transport is implemented as 'boundary flux' in the model). Centripetal Ca 2+ waves were triggered by activating a fraction (from 0.2 to 1) of the peripheral Ca 2+ release sites, and we monitored the proportion of central Ca 2+ release sites that were subsequently recruited. The recruitment of central Ca
release sites was taken as a measure of successful centripetal Ca 2+ waves that propagated to the cell interior, and by association Ca 2+ signals that would trigger substantial contraction of an atrial myocyte. To obtain the data presented in Fig. 6 , simulations were run multiple times with responses initiated by triggering different fractions of the peripheral Ca 2+ release sites. With each simulation, the activated peripheral Ca 2+ release sites were randomly selected so that data were not biased by particular configurations at release sites (+/-standard deviation). It might be expected that in deterministic models, such as that presented here, the propagation of Ca 2+ signals would be entirely stereotypical from simulation to simulation. However, the wide error bars indicate that responses can be far from stereotypical. In fact, the wide error bars indicate that there are some configurations for the initial fraction of Ca 2+ release sites that are less successful at generating centripetal Ca 2+ waves than others. We have explored this point also in previous work (17) . The black line in Fig. 6A illustrates that with relatively weak sarcolemmal Ca 2+ transport, 100% recruitment of the central Ca 2+ release sites could be achieved by activating only 50% of the peripheral Ca 2+ release sites. However, if sarcolemmal Ca 2+ transport was increased 5-fold (red line in Fig. 6A ) or 8-fold (blue line in Fig. 6A) 2+ wave that reached and activated the central release sites. In essence, the sarcolemma acts to rapidly dampen the peripheral Ca 2+ signals. The dampening prevents the wave guide activity described above, and also lessens the availability of Ca 2+ that can cross the gap in RyR expression to initiate a centripetal Ca 2+ wave. We considered that SERCA pumps would similarly affect centripetal Ca 2+ wave movement. However, the effect of changing SERCA activity (Fig. 6B ) was more striking than that observed with sarcolemmal Ca 2+ flux. To explore the consequences of altering SERCA activity, we used the same approach as described above for sarcolemmal Ca 2+ flux; Ca 2+ signals were triggered by activating a fraction of the peripheral Ca 2+ release sites, and we monitored the subsequent recruitment of central Ca 2+ release sites. As shown in Fig. 6B , varying τ , the SERCA pump strength, shifted the relationship between the trigger Ca 2+ signal and the recruitment of central Ca 2+ release sites. With relatively strong SERCA activity (red line in Fig. 6B ), central Ca 2+ release required activation of 80% of the peripheral Ca 2+ release sites. As the SERCA activity was reduced, lesser fractions of the peripheral Ca 2+ release sites were required to initiate recruitment of central Ca 2+ release (black and blue lines in Fig. 6B ). Moreover, as SERCA activity was reduced, we observed that even modest activation of peripheral Ca 2+ release sites consistently evoked central responses. For example, the blue line in Fig. 6B illustrates that with the least SERCA activity examined, activation of 20% of peripheral Ca 2+ release sites caused recruitment of > 60% of the central release sites. These data indicate that relatively weak initial triggers can be effective in causing propagation of Ca 2+ waves if the SERCA activity is reduced.
Our data illustrate that both sarcolemmal Ca 2+ flux and SERCA activity control the inward propagation of Ca 2+ waves in atrial myocytes. But, SERCA activity has the most profound effect, and when its activity declines Ca 2+ waves are initiated by relatively low amplitude trigger signals. The difference in the effectiveness of sarcolemmal Ca 2+ flux versus SERCA relates to their relative position. Sarcolemmal Ca 2+ flux predominantly affects peripheral Ca 2+ signals, whereas SERCA pumps, which are expressed throughout a myocyte's volume, play a stronger role in dampening Ca 2+ signal propagation.
Irregular arrangements of Ca
2+ release sites A regular arrangement of Ca 2+ release sites is a critical feature of healthy striated muscle cells. However, under pathological conditions this regularity can be severely disrupted. The impact of an irregular expression of Ca 2+ release sites on Ca 2+ wave propagation can be readily studied within the simulation framework presented here. To achieve this, we silenced 75% of the Ca 2+ release sites, using a randomised selection, and then initiated Ca 2+ signals by activating peripheral Ca 2+ release sites at the edge of the central z-disk (as shown in Fig. 3) . The space-time plots in Figs. 7A -C show some of the different outcomes that can be observed following the random silencing of Ca 2+ release sites. Figure. 7A, for example, illustrates a situation in which Ca 2+ release remained restricted around the plane of the initial trigger. The Ca 2+ signal did not propagate appreciably, and Ca 2+ release activity ceased completely after ∼ 0.5 s. In contrast, Fig. 7B depicts the initiation of longitudinal Ca 2+ waves that travelled towards the top and bottom of the cell. The Ca 2+ wave successfully reached the bottom of the cell, but faltered before reaching the top. A similar bi-directional Ca 2+ wave is illustrated in Fig. 7C , but in this case the Ca 2+ waves did manage to reach both the top and bottom of the cell, but took longer to do so and initiated short-lived, at times back-propagating, mini-waves as they travelled. These data indicate that randomising the distribution of active Ca 2+ release sites gives rise to less robust, and substantially heterogeneous, responses. This is most likely due to variations in the distances over which Ca 2+ ions have to diffuse in order to maintain a regenerative Ca 2+ wave via CICR. The heterogeneity of Ca 2+ wave propagation caused by randomising the positions of active Ca 2+ release sites can be overcome by increasing the release strength (Figs. 7D and E) . Using the same conditions of 75% silenced Ca 2+ release sites as in Figs. 7A-C, but with release strength increased to 15 µM µm 3 /s (Fig. 7D ) or 25 µM µm 3 /s (Fig. 7E) it is evident that Ca
2+
waves propagate with progressively greater fidelity and less heterogeneity. Moreover, the Ca 2+ waves propagate more rapidly through the cell volume as the release strength increases. The fidelity of Ca 2+ wave initiation and propagation is also affected by the proportion of Ca 2+ release sites that are active. Figs. 7F and G show Ca 2+ waves in simulations where the fraction of silenced release sites was 65% (Fig. 7F) and 55% (Fig. 7G) . Compared to the situations with 75% of the release sites being silenced (Figs. 7A -C Table 1. influence the shape and movement of intracellular Ca 2+ waves.
Stochastic Ca 2+ release
So far, we have only considered outcomes where the threshold for CICR at all Ca 2+ release sites was set at a particular value. However, it is known from both experimental and theoretical studies that the activation of intracellular Ca 2+ release channels is intrinsically stochastic (16, (50) (51) (52) (53) (54) . This stochasticity mainly arises from the random state transitions of Ca 2+ -releasing channels, thereby giving rise to an unpredictable onset of Ca 2+ liberation. For the next series of simulations we did not employ a constant threshold for CICR, but rather mimicked stochastic activity by introducing randomness into the threshold for activating Ca 2+ channels. Our framework is ideally suited for this purpose because it is relatively simple to replace the term for a constant CICR threshold with one that generates stochastic thresholds with a pre-determined variability (see Eq. (13) in Materials and Methods). In essence, each Ca 2+ release site within the model is given a random threshold for activation. The variability of thresholds is independently controlled.
The consequence of random CICR thresholds on Ca 2+ wave propagation is illustrated in Fig. 8 . This figure depicts Ca 2+ waves with the same initiation conditions (activation of a few Ca 2+ release sites in the central z-disk), distribution of active Ca 2+ release sites and parameter values as Fig. 7B , but with different degrees of randomness for the CICR thresholds at each Ca 2+ release site. With a relatively small degree of randomness (Fig. 8A ) Ca 2+ waves look almost identical to that in the previous deterministic simulations (cf. Figs. 7B and 8A); there is some successful, and some faltering, propagation of the Ca 2+ wave to the top and bottom of the cell. We next explored the effect of having more random CICR thresholds on Ca 2+ wave propagation. We did this by progressively increasing the variability of CICR thresholds at each Ca 2+ release site. It could be considered that increasing the variability for activation of Ca 2+ release might stifle Ca 2+ wave propagation. This could plausibly happen due to mis-matching of CICR thresholds between neighbouring Ca 2+ release sites. However, we found the opposite to be true. Increasing the variability of random CICR thresholds produced Ca 2+ waves with more robust propagation (Figs. 8A through 8D). These data imply that variable CICR thresholds have a constructive role in intracellular Ca 2+ signalling. In addition to promoting the successful propagation of Ca 2+ waves, increasing the variability of CICR thresholds had another progressively emergent effect; i.e. the triggering of spontaneous Ca waves were also initiated. Increasing the variability of CICR thresholds even more leads to the generation of repetitive propagating Ca 2+ waves (Fig. 8F ). This occurs because with more variable CICR thresholds, it is likely that some Ca 2+ release sites will be activated even at resting cytosolic Ca 2+ concentrations. Eventually, increasing the variability of CICR thresholds leads to a complete breakdown in Ca 2+ wave propagation, and causes the appearance of multiple, non-synchronous Ca 2+ waves and non-propagating, subcellular Ca 2+ events (Fig. 9 ). The panels in Fig. 9 show three independent simulations using the same parameters and the same variability of CICR thresholds. Three results are presented to depict the variable responses that are observed when CICR thresholds exhibit significant variability. In this situation, the variability of thresholds is so large that multiple Ca 2+ release sites will be activated by the resting cytosolic Ca 2+ concentration. Under these conditions, it is likely that an atrial myocyte would be highly arrhythmic.
Conclusion
The studies presented here highlight the need for three-dimensional cellular models to faithfully capture the complex spatio-temporal patterns of intracellular Ca 2+ signal propagation. Recent experiments demonstrate that changes in the spatial pattern of atrial myocyte Ca 2+ signals occur in pathological conditions such as tachycardia (55) . Our simulations illustrate that subtle changes in stimulation or cellular parameters can have significant, non-intuitive effects on Ca 2+ signal initiation and propagation. Whilst current high-resolution imaging technologies can achieve millisecond frame rates, such speeds are generally only possible with a static image plane. As a consequence, Ca 2+ movement outside the plane of focus is not observed. Since it is impossible a priori to know the location of Ca 2+ release activity, imaging studies that are limited to a subcellular plane are likely to underestimate the occurrence of subtle changes in Ca 2+ signal initiation and propagation. In the context of atrial myocytes, we have previously demonstrated that a pro-arrhythmic, self-sustaining Ca 2+ wave (denoted a 'ping wave'; (20) ) can originate within a single z-disk due to the activation of only a few Ca 2+ release sites. The rotational propagation of ping waves within a z-disk is unlikely to be detected using imaging because atrial myocytes are conventionally imaged lying on their side, and not on an end. Moreover, the observations of enhanced Ca 2+ ion diffusion by wave guiding (Figs. 3 and 4) , and longitudinal Ca 2+ waves evoked by ping waves (20) , serve to illustrate that the true impact of Ca 2+ signals is only revealed in three dimensions. While the computational framework presented here is inspired by, and tailored to, the dynamics of intracellular Ca 2+ transport in atrial myocytes, the main concepts may be applicable to other cell types. The notion of Ca 2+ excitability of the RyR underpins the use of threshold models for Ca 2+ liberation from the SR. However, Ca 2+ excitability is not an exclusive feature of the RyR, as the InsP 3 R exhibits the same phenomenon (14, 56) . CICR is the key mechanism underlying saltatory Ca 2+ waves arising from either RyRs or InsP 3 Rs. In both cases, Ca 2+ waves rely on the successive activation of clusters of channels (8) (57) . The efficiency of the modelling framework presented here does not rely on the regular arrangement of RyRs in atrial myocytes, but can equally well describe random distributions of Ca 2+ release sites such as in a hepatocyte. Indeed our results in Fig. 7 could be interpreted as hormoneevoked Ca 2+ waves originating from a subcellular region in hepatocytes (58) . The subcellular initiation of Ca 2+ signals in this case could reflect the local production of InsP 3 , and the Ca 2+ release sites would represent clusters of InsP 3 Rs. The adaptation of the modelling ideas outlined here requires two main steps. Firstly, the derivation and implementation of the Green's function that is commensurate with the cell type under investigation is needed. The former becomes necessary and is non-trivial when the cell shape differs from regular geometries such as cubes, cuboids, spheres and cylinders for which the Green's functions are documented. The latter poses a significant computational challenge when working at high spatial resolution and active signalling sites close to the cell boundary. Secondly, the new threshold model needs to reproduce key experimental findings for the cell type of interest. Implementing cell-specific expression patterns of Ca 2+ channels, pumps and buffers in a particular cellular morphology does not guarantee a priori a physiologically realistic model. Once these two steps have been accomplished the resultant model is a powerful resource that allows for quick scans of physiologically relevant parameters to aid in the design of future experiments and that provides valuable insights into the complex interactions of Ca 2+ microdomains across the entire cellular volume that generate measurable whole-cell responses. . We use only the 3 leading terms for the convergence acceleration and the leading 15 terms to compute a k in Eq. A. 8 . Parameter values as in Table 1 .
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